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A Principle of Linear Covariance is stated which follows from the "superposition principle" of 
quantum mechanics. Accordingly, quantum mechanical equations should be written in linearly 
covariant form which makes them look the same under non-unitary as well as unitary transforma-
tions. The principle leads to a non-unitary classification of all molecules (and clusters and solids) 
into distinct equivalence classes giving hitherto unknown relations between isomeric molecules. One 
also gets kinetic and thermic selection rules for chemical reactions. All these are independent of, and 
far more general than any unitary or point group symmetries. The invariants found for each class 
of molecules or clusters allow qualitative electronic deductions and are more generally applicable 
than symmetry based quantum numbers. 

We state below a principle of linear covariance which 
follows f rom a most fundamenta l aspect of q u a n t u m 
mechanics, Q.M., that of the "superposit ion principle" 
[1], The notion 's below take one beyond the use of 
compact groups, e.g. in atomic physics, and way be-
yond point g roup symmetries for molecules (and clus-
ters and solids). It leads, e.g., to a non-uni tary classifi-
cation of molecular electronic hamiltonians, thereby 
of molecules, showing seemingly different molecules to 
be t ransforms of one another in hidden abstract 
spaces. Thus one gets general and topological selec-
tion rules, both kinetic and thermic, for chemical reac-
tions. The principle also allows, by covariant formula-
tions, derivations of diverse approaches (such as 
valence-bond, molecular orbital, and localized orbital 
methods) with non-or thogonal (non-O.N.) as well as 
O.N. basis sets f rom the same covariant equations, 
some applicat ions being also in the theory of finite 
many-part icle systems. Some of these results are re-
ported in a number of papers [2-6] . Before summariz-
ing the principle of linear covariance below, I wish to 
congratula te George Sudarshan on the occasion of 
this symposium and to express my heartfelt thanks for 
the encouragement and stimulation [7] he provided 
me dur ing my work in high-energy physics and non-
compact groups [8], which opened up many horizons 
in other fields [9, 10] as well. 

* Based partially on a presentation at a Workshop in honor 
of E. C. G. Sudarshan's contributions to Theoretical Phys-
ics, held at the University of Texas in Austin, September 
15-17, 1991. 
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"Superposi t ion principle" being at its foundat ion, 
q u a n t u m mechanical machinery is built on abstract 
linear algebra and linear operators . Q .M. procedures 
involve, in one form or another , t ransformat ions from 
one complete basis set to ano the r in the Hilbert space. 
Real eigenvalues dictate for observables Hermit ian 
opera tors whose eigenvectors form complete and or-
thonormal (O.N.) basis sets. The O.N. na ture of bases 
is preserved under unitary t ransformat ions which also 
leave expectat ion values unchanged. This is one rea-
son why O.N. bases have been focused on in most of 
the Q.M. of physics and chemistry, another reason 
being convenience in computa t ions . 

All such (O.N.) to (O.N.) t ransformat ions on a 
countably infinite dim. vector space Vn (n -*• oo) consti-
tute the uni tary g roup U (n). However, this is not the 
largest g roup implied by the "superposit ion princi-
ple". The g roup is that of all non-singular (det # 0) 
t ransformat ions on non-O.N. as well as O.N. bases for 
V„, i.e. G L (n, C) over the complex field C (or in many 
applicat ions just over the real field R, thus L(n, R)). 
The emphasis on g roup theory, rather than topology, 
has led to the overlooking of ma jo r consequences and 
applicat ions the other, i.e. non-uni tary t ransforma-
tions, can lead to. 

We state now the "principle of linear covariance" in 
three parts: 

1) The abst ract kets, bras, operators , and their rela-
t ionships should be viewed as invariants under any 
t ransformat ions S non-O.N. as well as O.N. of bases 
("coordinate frames") with SeL(n) and \ S\ ^ 0. 
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2) In componen t f rom, any Q .M. equat ion should 
be in a linearly covariant ("L-covariant") form. 

3) Regardless of which complete basis set is used, a 
Q.M. equat ion writ ten in componen t , i.e. tensorial 
form should look the same. 

Q.M. quanti t ies are tensors of L (n) with the metric 
tensor 

\ i = <fk\fi>, (1) 

where {| fk}} are a complete in general non -O.N. basis 
set in Vn. The diagonal form of Akl is ökl as A -*• / the 
unity. 

F o r arbi t rary SeL(n), indices are raised by 

a' = AiJaj. (2) 

Fur the r 

Ai^Ajk = öi
k. (3) 

Thus, if A = {AlJ}, then = {A^} where super-
script ( + ) denotes adjoint . 

Thus e.g. the abst ract (and L-invariant) equa t ion for 
the eigenvalues A of a one-electron model Hami l to -
nian h for a molecule, cluster, or solid, 

(h-Al) | f > = 0 (4) 

becomes e.g. 

h^v cv — AC^ = 0 (5) 

in L-covariant , componen t form. 
Now, as one shifts to different non-O.N. f rames the 

eigenvalues of /i/iV (or hfi or hßV) will change with these 
h t reated simply as matrices, a l though the eigenvalues 
of all abstract hence invariant h itself in (4) d o not 
change. All matrices for the same abstract h, related to 
each other by 

( V ) (Vv) withSeL(n), (6) 

stay on the same orbit and in one and only one equiv-
alence class. 

Isomeric molecules, or isomeric molecular assem-
blies, have also different {/i/n,}'s and eigenvalues, dif-
ferent for ano ther reason. They have different geome-
tries in the 3-dim £ 3 , hence different Hilbert spaces, 
disjoint f rom those of other molecules. However , it has 
been possible to m a p all such spaces on to a " s t andard -
ized" « F „ » which contains now in it a n u m b e r of 

distinct L-equivalence classes. Those moleules, that 
end up in the same class, are L- t ransforms of each 
other, a hi therto hidden relation between them. 

In this way, the L-covariance leads to a "non-uni-
tary classification" of molecular electronic structures 
once the distinct Hilbert space of each is mapped on to 
the said "s tandardized" vector space «F„» , £ 3 -geome-
try independent, as are the distinct fc's mapped on to a 
std dyad space «K„ x F„+>>. 

As isomeric sets of molecules react, rearrange into 
other molecules etc. in the 3-dim. Euclidean space E3, 
their h's may remain within the same L-equivalence 
class in which case the molecules are said to be "s t ruc-
turally covar ian t" [5 a], or with cont inuous geometry 
changes "deformat ional ly covar ian t" [5 b]. Then the 
reactions are "a l lowed". If the L-class changes, the 
reactions will have large energy changes and not be 
"a l lowed" (thus general reaction "selection rules" but 
not based on symmetry groups). As a bonus one finds 
that the fundamenta l invariants characterizing an 
L-class, and which remain unchanged dur ing molecu-
lar changes of the "a l lowed" kind, are noth ing but the 
energy level pat tern indices, n+ = no. of "bond ing 
molecular Orbitals, M O ' s " , n = no. of ant ibonding, 
and n0 = no. on non-bonding MO's . These three 
numbers , along with their electron occupat ion num-
bers resulting f rom the Pauli Principle, allow one to 
deduce much of qualitative chemistry easily, espe-
cially since the L- t ransforms have been turned into 
pictorial rules for the manipula t ion of molecular 
structure type pictures/graphs right on the black-
board [6], The L-invariants are more fundamen ta l 
than q u a n t u m numbers , e.g. those arising f r o m point 
group symmetries, as the fo rmer give more electronic 
informat ion even where there is no symmetry. 

It is intriguing how much qualitative chemistry can 
be deduced directly f r o m Q.M. with the above princi-
ples and just looking at the periodic table. Perhaps 
Dirac would have liked this, who af ter all expected all 
chemistry to come out of Q.M. , an expectat ion that 
had been recently chilled by the remarks of the 
renowned organic chemist Lord Todd who said 
" Q . M . has done little for the advancement of organic 
chemistry which has developed mainly f r o m the idea 
of a te trahedral carbon a t o m " . 

Fo r a detailed unders tanding of the developments 
above we refer the reader to the more extensive papers 
[ 2 - 6 , 11]. 
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